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Realizing topological insulators is of great current interest because of their remarkable properties
and possible future applications. There are recent proposals, based on Floquet analyses, that one
can generate topologically nontrivial insulators by periodically driving topologically trivial ones.
Here we address what happens if one follows the dynamics in such systems. Specifically, we present
an exact study of the time evolution of a graphene-like system subjected to a circularly polarized
electric field. We prove that, for infinite (translationally invariant) systems, the Chern number is
conserved under unitary evolution. For systems with boundaries, on the other hand, we show that
a properly defined topological invariant, the Bott index, can change. Hence, it should be possible
to experimentally prepare topological states starting from non-topological ones. We show that the
chirality of the edge current in such systems can be controlled by adjusting the filling.
INTRODUCTION
Topological and Chern Insulators are fascinating
phases of quantum matter that are qualitatively dif-
ferent from conventional insulators and semiconductors
[1, 2]. They are characterized by a gap in the bulk
and have topologically protected gapless excitations at
the boundary [3, 4]. Topological phases fall outside the
Landau-Ginsburg (effective) theory of spontaneous sym-
metry breaking and are characterized by bulk topological
invariants, such as the Chern number [5], which can be in-
terpreted as non-local order parameters. Recently, it has
been proposed that time-periodic perturbations can in-
duce topological properties in otherwise non-topological
materials, opening the exciting possibility of studying
non-equilibrium topological transitions [6–8].
The link between topology and time-periodic driving
can be established via the Floquet theorem [9–12], which
is very similar to Bloch’s theorem [13]. The Floquet the-
orem states that the evolution operator of any system de-
scribed by a time periodic Hamiltonian H(t) = H(T + t)
can be factorized as
U(t, 0) = P (t, 0) e−iHF [0]t/~ (1)
where P (t, 0) = P (t+T, 0) is a unitary periodic operator
and HF [0] is the time-independent Floquet Hamiltonian.
Being time-independent, the Floquet Hamiltonian can be
characterized using standard concepts developed for un-
driven situations. For example, the Floquet Hamiltonian
is considered topological if the Chern number of the Flo-
quet bands is non-zero [8]. As noted in Ref. [14], this
characterization is incomplete since it ignores the proper-
ties encoded into the operator P . Moreover, periodically
driven systems are manifestly out of equilibrium and the
topological properties of the time-evolving state do not
need to reflect the topology of the underlying Floquet
Hamiltonian.
Here we extend the topological characterization above
to isolated, thermodynamically large, out-of-equilibrium
systems. In particular, we address what should happen
in an experiment on an isolated system when one turns
on the periodic driving using linear ramps. For infinite
(translationally invariant) systems, in the absence of dis-
sipation, we prove a no-go theorem. We show that the
Chern number is conserved under unitary evolution. On
the other hand, for systems with boundaries, we show
that a properly defined topological invariant, the Bott
index [15], can change. Hence, it is possible to dynami-
cally prepare a topological wavefunction starting from a
non-topological one via unitary evolution.
RESULTS
Model
We consider the following Hamiltonian (or a unitary
equivalent):
H(t) = HS + f(t)H1(t) (2)
where HS is time-independent, H1(t) is time periodic
with period T , and the amplitude f(t) is given by
f(t) ≡
 0 for t ≤ 0t/τ for 0 < t < τ1 for t > τ (3)
We restrict our analysis to noninteracting fermionic
Hamiltonians, for which a complete characterization of
the (equilibrium) topological phases exists [16]. We take
the initial state |ψS0 〉 to be the ground state of the static
Hamiltonian HS . At time t > 0, the time-dependent
wavefunction is |ψ(t)〉. We are interested in situations in
which the undriven system is described by a topologically
trivial Hamiltonian HS and the driving is such that the
Floquet Hamiltonian HF is topologically non-trivial.
We focus on spinless fermions in a honeycomb lattice
with nearest-neighbor hopping J and a staggered sublat-
tice potential ∆ subjected to a circularly polarized elec-
tric field ~Eac(t) = E0 f(t) [− cos (Ω t) , sin (Ω t)] [6, 7].
In the electromagnetic gauge, in which the vector poten-
tial is zero, the time-dependent Hamiltonian is given by
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2Eq. (2) with
HS = −J
∑
〈iα,jα′〉
(
c†i,α cj,α′ + H.c.
)
+
∆
2
∑
i
(ni,1 − ni,2)
H1(t) =
∑
iα
UE(~ri,α, t)ni,α (4)
where the sum in HS extends over nearest neighbor sites,
α ∈ {1, 2} indicates the sublattice A and B, respectively,
ni,α = c
†
i,αci,α are the site number operators, UE(~r, t) =
−e~r · ~Eac(t) is the electrostatic potential energy, and e is
the electric charge.
We work in the high-frequency limit in which the driv-
ing frequency is larger than the single-particle band-
width [17], i.e., ~Ω > 6 J . In this limit, there is no am-
biguity in the ordering of the Floquet quasi-energies and
therefore the ground state of the Floquet Hamiltonian is
well defined. Moreover, in order to obtain a non-trivial
high-frequency limit, we scale the electric field with the
frequency of the driving [18], eaE0 ∝ ~Ω where a is the
lattice spacing. Our parameters are:
∆
J
= 0.15,
~Ω
J
= 7, K ≡ e aE0
~Ω
= 1 (5)
and are chosen so that the (effective) Floquet Hamilto-
nian HF is topological. The staggered sublattice po-
tential ∆ is introduced to make direct connection with
the experiment in Ref. [17], and to ensure that the edge
modes that are not topological in nature are gapped out.
The period of the driving is T = 2pi/Ω and we consider
ramping times τ/T ∈ [0 − 2000]. We stress that this
choice of parameters is relevant for the recent experi-
mental realization of the Haldane model in cold atoms
[17]. In Ref. [17], τ = 20 ms and 1/T = Ω/(2pi) = 4 kHz
so that τ/T = 80. However, the loading procedure there
was more complex than the linear ramp considered here.
Translationally Invariant System
We first consider the translationally invariant (infinite)
system. In this case, it is convenient to work in the elec-
tromagnetic gauge in which the electric field is repre-
sented via the vector potential, i.e., E(t) = −∂tA(t),
as this gauge choice does not break translational invari-
ance. By going to momentum space the system can be
mapped, at half-filling, onto a collection of independent
pseudo spin- 12 . The Hamiltonian H =
∑
k Hk and the
density matrix ρ = |ψ〉〈ψ| = ∏k ρk are (we take ~ = 1 in
what follows):
Hk = −1
2
(Bk · σk) , ρk =
(
12×2 + Sk · σk
2
)
(6)
Here, 12×2 is the 2 × 2 identity matrix, σ are the Pauli
matrices, and Sk and Bk are three dimensional, time-
dependent, vectors fields defined in the two-dimensional
Brillouin Zone (BZ) (see Fig. 1a). For a pure state, the
FIG. 1: Energy “En” band structure of the infinite,
translationally invariant, system in units of the hopping
J . a. The band structure of HS has a gap of size ∆ at
the two Dirac points and the Chern number of each
band is zero. b. The band structure of HF has a gap of
size ∼ 0.30 J and ∼ 0.16 J at the two Dirac points (the
two gaps become equal only when ∆ = 0), and the
Chern number of the bands is +1 (top) and −1
(bottom). Moreover the bandwidth is renormalized
from 6J to 6J J0(K) ≈ 4.59 J (where J0 is the zeroth
Bessel function of first kind and K is defined in Eq. (5)).
vector Sk has unit length and the Chern number (Ch)
of the state is simply the number of wrappings of the
pseudo spin configuration around the Bloch sphere [5]:
Ch(t) =
1
4pi
∫∫
BZ
dkxdky S(t) ·
[
∂kxSk(t)× ∂kySk(t)
]
(7)
Here the integral extends over the BZ. In the ground
state, the pseudo spin configuration is parallel to the
pseudo magnetic field, i.e., Sk = Bk/|Bk|. This does
not need to be the case out of equilibrium, where Sk and
Bk are in general not parallel to each other. The exact
equation of motion is:
i∂tρk = [Hk, ρk]→ ∂tSk = Sk ×Bk, (8)
which is simply the precession of the pseudo spin Sk
around the pseudo magnetic field Bk.
With this mapping, the ground states |ψS0 〉 and |ψF0 〉
obtained by filling the valence bands of HS and HF are
represented by the pseudo spin configurations SSk and S
F
k ,
respectively. We note that this mapping is valid for any
two-band model at half filling. The explicit form of Bk(t)
in the case of graphene subject to the circularly polarized
electric field is given in the Supplementary Note 1.
For the parameters chosen [see Eq. (5)] these ground
states have different topology: SSk does not wrap around
the Bloch sphere (Ch = 0) while SFk does (Ch = −1)
(see Figs. 1b and 1c). This implies that there is at least
one k-point in the BZ for which the vectors SSk and S
F
k
point in opposite directions (Supplementary Figure 1 and
Supplementary Note 2) and, as a result, the overlap of
the ground states is identically zero:∣∣〈ψS0 |ψF0 〉∣∣2 = ∏
k
(
1 + SSk · SFk
2
)
= 0 (9)
We can now consider the dynamical process by which
the periodic driving is turned on. In principle, the
3Chern number inherits a time-dependence from the time-
dependence of the pseudo spin configuration S(t) ob-
tained by integrating the equation of motion (8) subject
to the initial condition Sk = S
S
k . However, a straight-
forward calculation shows that this is not the case. This
follows from the fact that ∂tCh can be written as:
∂tCh(t) =
1
4pi
∫∫
BZ
dkx dky
{(
∂kyBk(t) · ∂kxSk(t)
)
− (∂kxBk(t) · ∂kySk(t))} . (10)
If Sk(t) and Bk(t) are sufficiently smooth vector fields
in the BZ then it follows that the expression above is
identically zero (see Methods). From Eq. (8) one can see
that an initially smooth pseudo spin configuration, Sk(t)
remains smooth under a smooth pseudo magnetic field
Bk(t). We can therefore formulate a no-go theorem as
follows:
If the initial pseudo spin configuration is
smooth (at least C1) in the Brillouin zone and
the pseudo magnetic field is smooth (at least
C2), then the Chern number is conserved un-
der the unitary evolution generated by the
pseudo magnetic field.
We note that: i) this theorem is valid for any two-band
model at half filling for which the mapping in Eq. (6)
applies, ii) the theorem holds even for time-dependent
Hamiltonians and/or gapless Hamiltonians, as long as
Bk(t) is C2 in the BZ for all times, and iii) smoothness
in time is not required, i.e., our results also apply to
sudden quenches for which the conservation of the Chern
number has been noted before in various contexts [19–
21]. We should stress that the smoothness of Bk(t) in k
is guaranteed by the locality of the H(t) in real space, i.e.,
Bk(t) can become singular in k only if the Hamiltonian
H(t) includes infinite range hopping in real space, and it
is therefore not very restrictive. For example, the band
structure of graphene is singular at the two Dirac points,
but the pseudo magnetic field configuration:
Bk =
(
1 + cos
(
3
2kx −
√
3
2 ky
)
+ cos
(
3
2kx +
√
3
2 ky
)
,
sin
(
3
2kx −
√
3
2 ky
)
+ sin
(
3
2kx +
√
3
2 ky
)
, 0
)
(11)
is analytic in the BZ and satisfies the condition of the
theorem.
The no-go theorem opens the question of whether it is
experimentally possible to prepare a topologically non-
trivial state by driving a topologically trivial one.
System with Boundaries
Experimental systems have boundaries, so here we ad-
dress what happens when translational invariance is bro-
ken. We consider a finite, isolated system (such that
the dynamics is unitary) with open boundary conditions
(see the inset in Fig. 2a). To characterize the topological
properties of systems with broken translational symme-
try one cannot rely on the Chern number. We use two
complementary indicators: (i) the cumulative local den-
sity of states CLDOS(ε) =
∫ ε
−∞ dε
′ LDOS(ε′) and (ii)
the Bott index [15].
The Bott index is a topological invariant that can be
thought as the generalization of the Chern number for
finite, non-translationally invariant, systems. Some re-
markable properties of the Bott index are: i) it is com-
puted directly in real space, ii) it is quantized for finite
systems, and iii) it can be defined in a patch geome-
try. This is in contrast to the Chern number which: i)
is computed by integrating the partial derivatives of the
wave-function over a two-dimensional torus, ii) is generi-
cally non-quantized when the integration is replaced by a
discrete sum and, iii) cannot be defined in a patch geom-
etry. In Ref. [15], the Bott index was introduced for finite
disordered two-dimensional systems with periodic bound-
ary conditions (i.e., on a torus), but it can be straightfor-
wardly generalized to other geometries (see Methods). In
equilibrium, the Bott index is a function of the energy ε.
It is computed by projecting special matrices (see Meth-
ods) onto the subspaces spanned by the eigenstates of
the Hamiltonian with energies ε′ < ε. This definition
assumes that the eigenstates with energy ε′ < ε are fully
occupied while the eigenstates with energies ε′ > ε are
empty. We have extended the Bott index definition to
arbitrary sample geometries and non-equilibrium situa-
tions by taking into account the non-equilibrium charac-
ter of the wave-function (see Methods). The numerical
evidence gathered in this work strongly suggests that this
generalized Bott index is a function of time and is quan-
tized. However, this properties have not been proven
rigorously.
In Fig. 2a, we show one of the patch geometry con-
sidered and indicate the edge and bulk sites which have
been used to compute the CLDOS. In Fig. 2b and 2c, we
show the CLDOS and the equilibrium Bott index for the
static Hamiltonian HS and the Floquet Hamiltonian HF ,
respectively. We stress that the Floquet Hamiltonian is
computed exactly (see Methods). The CLDOS(ε) of HS
(both at the center of the sample and along the edges) has
a plateau around ε = 0 signifying that there are no states
at ε = 0, i.e., the system is gapped. Moreover, the Bott
index is identically zero indicating that both HS and its
ground state ψS0 〉 are topologically trivial. On the con-
trary, HF has edge states inside the bulk gap, as shown
by the finite (zero) slope of the CLDOS at the edge (cen-
ter) for ε ≈ 0. The existence of topologically protected
edge modes is confirmed by the Bott index. In fact, in
equilibrium, the Bott index at some energy, Bott(ε), is
equal to the number of edge states at that energy. As one
can see in Fig. 2c, Bott(ε ' 0) = 1, indicating that the
ground state of HF at half filling (ε = 0) is topologically
nontrivial.
In order to study the adiabatic turning on of the pe-
riodic driving, we solve the time-dependent Schro¨dinger
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FIG. 2: Geometry and indicators for the system with boundaries. a. One of the patch geometry considered. It
contains a total of 928 lattice sites evenly divided into the A (red dots) and B (blue dots) sublattices. The green and
black circles indicate the sites defined as the center and the edges, respectively. These sites are used to compute the
CLDOS. b The CLDOS of HS is flat around ε = 0 indicating a gap. The Bott index is identically zero for all
energies. c. For HF , the CLDOS at the edges (at the center) has a finite (zero) slope about ε = 0. This indicates
the presence of edge states inside the bulk gap. Moreover, the Bott index for energies within the bulk gap is +1
indicating that the system is topological. Inset in c. Site in sublattice A and its three nearest neighbors. The
nearest neighbor vectors are: δ1,2 = (a/2)(1,±
√
3), δ3 = a(−1, 0).
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FIG. 3: Dynamical ramp with τ = 80T and
Nsites = 928 in a system with boundaries. (Main) The
evolution, at stroboscopic times tn = nT , of the Bott
index and the overlaps
∣∣〈ψS0 |ψ(t)〉∣∣2 and ∣∣〈ψF0 |ψ(t)〉∣∣2.
For ξ = t− τ > 0, the electric field is fully on. The
overlap
∣∣〈ψF0 |ψ(tn)〉∣∣2 is a non-monotonic function of
tn = nT . (Inset) The overlap at then end of the
dynamical ramp tends to increase with increasing τ .
equation [22, 23] subject to the initial condition |ψ(t =
0)〉 = |ψS0 〉 (see Methods). At stroboscopic times tn =
nT during the time evolution, we monitor the Bott index
and the overlaps of |ψ(t)〉 with both the initial state and
the Floquet ground state:
Bott(nT ),
∣∣〈ψS0 |ψ(nT )〉∣∣2 , ∣∣〈ψF0 |ψ(nT )〉∣∣2 (12)
Their behavior, for a system of size Nsites = 928 and
ramping time τ = 80T , are shown in Fig. 3. One can see
that overlap with the initial state decays to zero rapidly
while the overlap with the ground state of the Floquet
Hamiltonian increases. For tn = nT > τ , the electric
field has reached its final value and the overlap with |ψF0 〉
becomes independent on n since |ψF0 〉 is an eigenstate of
the evolution operator over a period:∣∣〈ψF0 |ψ(tn+1)〉∣∣2 = ∣∣〈ψF0 |U(T )|ψ(tn)〉∣∣2 = ∣∣〈ψF0 |ψ(tn)〉∣∣2 .
(13)
Interestingly, for the parameters chosen, at t ≈ τ − 11T
(i.e., slightly before the electric field is fully on) the Bott
index jumps from zero and becomes one, indicating the
wavefunction has acquired a topological character. We
also note that the overlap with the Floquet ground state
|ψF0 〉 increases non-monotonically with time. This sug-
gests that the final overlap
∣∣〈ψF0 |ψ (t =∞)〉∣∣2 can be in-
creased by using more sophisticated ramping protocols.
For example, by instantaneously quenching the ampli-
tude of the electric field from its value when the over-
lap
∣∣〈ψF0 |ψ (t)〉∣∣2 has a local maximum to its final value.
In the inset in Fig. 3, we plot the value of the overlap
with the Floquet ground state at the end of the ramp,
i.e.,
∣∣〈ψF0 |ψ (t =∞)〉∣∣2, for different ramping times τ and
observe that, as expected, it generally increases with in-
creasing τ . We note that the system can become topo-
logical even if the ramp is not adiabatic and, therefore,
the overlap between |ψ(t)〉 and |ψF0 〉 is small.
In order to relate the dynamical behavior of the non-
equilibrium Bott index to the properties of HF , we first
study the critical field Ec(Nsites) at which the Floquet
Hamiltonian becomes topological. For each system size,
we compute the exact Floquet Hamiltonian for many dif-
ferent values of the electric field and repeat the analysis
in Fig. 2c. For weak electric fields, Bott(ε) is identically
zero, while for E > Ec the Bott index is unity for some
energies. This allows us to extract Ec for different sys-
tem sizes which is reported in Fig. 4b. A fit to those
results shows that Ec approaches the infinite system size
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FIG. 4: Scaling analysis of the critical fields at which the systems become topological. a. The equilibrium chern
number of the translationally invariant system jumps discontinuously at Echernc = 3.485 indicating that, for
E > Echernc , the translationally invariant system becomes topological. b The critical electric field Ec at which the
Floquet Hamiltonian becomes topological decreases exponentially with the linear size of the system, L ≈ √Nsites,
and approaches Ec = 3.47 in the thermodynamic limit. This value is compatible with the value at which the
translationally invariant system becomes topological (see panel a). c. For a fixed system size (Nsites = 928), the
value of the electric field E∗c at which the wavefunction becomes topological decreases exponentially with τ/T and
approaches E∗c = 5.10 as τ/T →∞. This value is compatible with the value at which HF becomes topological for
Nsites = 928 (see the point indicated by an arrow in panel b). d For fixed ramp time (τ = 80T ), critical field E
∗
c at
which the wavefunction becomes topological decreases exponentially with L and approaches E∗c = 5.04 in the
thermodynamic limit.
result exponentially in the linear dimension of the sys-
tem (L ≈ √Nsites). The infinite size result is, in turn,
compatible with the value Echernc = 3.485 at which the
translationally invariant system becomes topological, as
shown by the Chern number of the lowest Floquet band
in Fig. 4a.
Next, we study the value of the electric field at the
time when the non-equilibrium Bott index jumps, i.e.,
E∗c (Nsites). One could advance that, when the driving
is turned on very slowly (i.e., adiabatically) E∗c (Nsites)
is identical to Ec(Nsites) for any given system size. This
is indeed what we find. In Fig. 4c, we show the critical
field E∗c at which |ψ(t)〉 becomes topological, for a sys-
tem with 928 sites, as a function of the ramping time.
A fit to the results shows that E∗c approaches the adi-
abatic limit (infinite time ramp) result exponentially in
the ramp time. Our extrapolated result for the adiabatic
limit is compatible with Ec(Nsites = 928) ≈ 5.0 for which
HF becomes topological (see point signaled by an arrow
in Fig. 4b). We have also studied what happens if one
fixes the ramp time and increases the system size, see
Fig. 4d. In this case, the critical field approaches the
thermodynamic limit result also exponentially with the
linear dimension of the system.
To make closer contact with experiments (such as
Ref. [17]), we investigate the current that flows through
the sample under driving (see Supplementary Figure 2
and Supplementary Note 3). This is, in principle, a mea-
6; ? ; ? ; ?
FIG. 5: Time-averaged physical current after a dynamical ramp with τ = 80. We show results for systems with
filling factors: ν = 0.46, 0.5, 0.54. The red color indicates a current flowing from sublattice A to B along the nearest
neighbor vectors δi: δ1,2 = (a/2)(1,±
√
3), δ3 = a(−1, 0). The blue color indicates the opposite direction. The black
arrows indicate the direction of the edge current and are a guide to the eye. a. For an initial filling ν = 0.46, the
non-equilibrium current is concentrated along the edges and moves counter-clockwise. c. For an initial filling
ν = 0.54, the non-equilibrium current is concentrated along the edges and moves clockwise. b. At half-filling, both
chiralities are presents. On the top and left edge the current moves clockwise, while on the bottom and right edge it
moves counter-clockwise. These edge currents are balanced by a current diffusing through the bulk. The
non-equilibrium wave-functions corresponding to panels a and c are topologically trivial (Bott index is zero) while
the one corresponding to panel b is topological non-trivial (Bott index is one).
surable quantity [24]. We stress that the physical current
is different from the current one obtains using the Flo-
quet Hamiltonian [18, 25] (see Methods). The former
connects only nearest neighbor sites, while the latter can
flow between far away lattice sites if there are longer-
range hopping terms in HF . We compute the physical
current by solving the time-dependent Schro¨dinger equa-
tion.
Contrary to the overlap, the average current over a
period continues to evolve for t > τ (i.e., when the elec-
tric field amplitude has already reached its final value).
Therefore, after the end of the ramp, we evolve the sys-
tem for a large number of periods (103) so that the av-
eraged current (over a period) becomes stationary. (We
note that the instantaneous current still changes within
a period.) Results for the average current are shown in
Fig. 5. Remarkably, we find that the chirality of the
non-equilibrium current depends on the filling fraction
(recall that the initial state is the ground state of HS),
see Supplementary Figure 3, 4, 5, 6 and 7 and Supple-
mentary Note 4. To identify what changes when the Bott
index jumps in systems at half filling, we have compared
the currents for four different ramps (see Supplementary
Figure 8 and 9, Supplementary Table 1, and Supplemen-
tary Note 5). The first three ramps (last ramp) are (is)
such that the final value of the electric field is smaller
(larger) than the critical value required for the Bott in-
dex to jump. For the last ramp, after the Bott index
jumps to one, the currents are much larger than for the
first three ramps and are localized along the edges of the
system.
DISCUSSION
The two topological invariants studied here during
the switching on of a periodic perturbation, the Chern
number in translationally invariant (thermodynamically
large) systems and the Bott index in systems with bound-
aries, exhibit qualitatively different behavior. The Chern
number is conserved while the Bott index can change
under unitary evolution. The conservation of the Chern
number might appear surprising since, during any non-
equilibrium process, some excitations are generated and
the final state, which corresponds to a partially filled va-
lence and conductance band, need not have a quantized
Chern number. However, this argument does not take
into account that, under unitary evolution, each quasi-
momentum k is in a coherent superposition of the valence
and conduction band. It is precisely this coherence that
prevents the Chern number from changing.
Our results for the Bott index show that, when one
turns on a drive slowly starting from a topologically triv-
ial state in finite systems with open boundary conditions,
there is a critical field E∗c (which depends on the ramp
time τ) at which the Bott index jumps from zero to
one. This indicates that the system becomes topologi-
cally nontrivial, even if the turn on is not adiabatic. If the
drive is turned on adiabatically, E∗c approaches (with in-
creasing system size) Echernc = 3.485 at which the Chern
number indicates that the Floquet Hamiltonian of the
system with periodic boundary conditions becomes topo-
logical in the thermodynamic limit. This agrees with the
intuition that an adiabatic turn on of the drive should al-
low one to generate a topologically nontrivial state, but is
in stark contrast with the fact that the Chern number is
a conserved quantity. Two possible explanations to these
fundamental differences in thermodynamically large sys-
tems are: either dynamical topological transitions only
occur in systems with boundaries or those transitions
can happen in systems with and without boundaries, de-
spite the fact that the Chern number does not change in
the latter. Unfortunately, we cannot use the Bott index
to discriminate between those possibilities because it is
7neither quantized nor a smooth function of the energy
in clean system with periodic boundary conditions (see
Supplementary Figure 10 and Supplementary Note 6). If
there is a dynamical transition in clean system with peri-
odic boundary conditions, another indicator needs to be
found to identify it.
Closer to experiments, our results for the chiralities
of the edge currents, namely, that they depend on the
filling fraction, might also appear intriguing. They con-
trast with the fact, which we have checked, that the edge
modes of a topological Floquet Hamiltonian support a
single-particle current whose chirality is determined by
the polarization of the electric field. Our results are a
consequence of the fact that the current in many-particle
non-equilibrium states has contributions from Floquet
eigenstates with many different quasi-energies. While
it is well known that a topological Floquet Hamiltonian
supports chiral edge modes in the bulk gap, we have ver-
ified that other Floquet eigenstates can support currents
with the opposite chirality (see Supplementary Figure 3,
4, 5, 6 and 7, and Supplementary Note 4). By chang-
ing the filling fraction one can change the contributions
of different Floquet eigenstates and control the chirality
of the current. This means that any potentially sharp
signature of the topological transition (identified by the
jump in the Bott index) in the many-particle current is
smeared out by the contributions of Floquet eigenstates
that are away from the bulk gap. The dependence of the
chirality on the filling fraction is a strong prediction that
can be tested in current experimental setups.
Our results open many new interesting questions:
What is the nature of the topological transition in sys-
tems with boundaries? What is the dynamics of the edge
states [26] across those transitions? What happens in the
presence of interactions [27, 28] and/or a coupling to a
bath? Which loading protocols maximize the occupa-
tion of the Floquet ground state? What are the distinc-
tive signatures of non-topological wavefunctions evolving
according to topological Hamiltonian (and vice versa)?
Is the presence of deep lying current carrying Floquet
eigenstates connected to the existence of new topological
invariants unique to Floquet systems? Which physical
observables capture best the time change of the Bott in-
dex? Is there a dynamical topological transition in clean
system with periodic boundary conditions? If so, which
topological indicator captures it? We hope our work will
motivate further studies to address these and other re-
lated questions and to establish, in full mathematical
rigor, the properties of the non-equilibrium Bott index
introduced in this work.
METHODS
Chern number conservation under unitary evolution
By going to momentum space, the system is
parametrized as in Eq. (6), where Sk and Bk are three
dimensional time-dependent vectors fields. The Chern
number of the occupied state is simply the number of
wrapping of the pseudo-spin configuration around the
Bloch sphere [see Eq. (7)]. The exact equation of motion
is Eq. (8) (we have set ~ = 1). Putting together Eq. (6)
and (8), we can perform the calculation using standard
manipulations of classical vector fields. Our results are,
however, fully quantum. We now compute ∂tCh:
∂tCh =
1
4pi
∫∫
dkxdky
{
S˙ · [∂xS× ∂yS] (14)
+ S ·
[
∂xS˙× ∂yS
]
+ S ·
[
∂xS× ∂yS˙
]}
,
where we have introduced the short hand notation
∂kxS = ∂xS = Sx, ∂kyS = ∂yS = Sy, and we have sup-
pressed the suffix k in Sk. We consider the three terms
separately:
I = S˙ · [∂xS× ∂yS] = (S×B) · (∂xS× ∂yS)
= (S · Sx) (B · Sy)− (S · Sy) (B · Sx) , (15)
where we have used the evolution equation ∂tS = S×B
and the Binet-Cauchy identity:
(a× b) · (c× d) = (a · c) (b · d)− (a · d) (b · c) . (16)
The second and third term are more involved. For exam-
ple:
II = S ·
[
∂xS˙× ∂yS
]
= ∂xS˙ · [∂yS× S] (17)
= ∂x (S×B) · [∂yS× S] = (Sx ×B+ S×Bx) · [Sy × S] ,
where we have used the distribution property of the cross
product ∂x (S×B) = Sx ×B+ S×Bx. One can apply
the Binet-Cauchy identity to obtain:
II = (Sx · Sy) (B · S)− (Sx · S) (B · Sy)
+ (S · Sy) (Bx · S)− (S · S) (Bx · Sy) . (18)
In a similar way, we get:
III = − (Sx · Sy) (B · S) + (Sy · S) (B · Sx)
− (S · Sx) (By · S) + (S · S) (By · Sx) . (19)
Putting all together, and carrying out the cancellations,
we get:
∂tCh =
1
4pi
∫∫
(I + II + III)
=
1
4pi
∫∫
{(S · Sy) (Bx · S)− (S · S) (Bx · Sy)
+ (S · S) (By · Sx)− (S · Sx) (By · S)} . (20)
So far this expression is completely general. Now we use
that the initial state is a pure state:
1 = Tr
[
ρ2
]
= Tr
[(
12×2 + S · σ
2
)2]
=
1 + S · S
2
, (21)
8from which it follows that S ·S = 1, i.e., S is a unit vector
for any point in the BZ. We then observe that:
(S · Sy) = 1
2
∂y (S · S) = 0, (S · Sx) = 1
2
∂x (S · S) = 0.
(22)
Therefore we arrive at Eq. (10) in the main text. We
observe that:
(By · Sx) = ∂x (By · S)− (Bx,y · S) ,
(Bx · Sy) = ∂y (Bx · S)− (By,x · S) . (23)
If the vector field B is smooth the mixed derivative com-
mute, i.e., Bx,y = By,x, and we arrive at:
∂tCh =
1
4pi
∫∫
dkxdky {∂x (By · S)− ∂y (Bx · S)} .
(24)
If ∂x (By · S) and ∂y (Bx · S) are continuous, we can use
the periodicity of B and S in the Brillouin zone to obtain:
∂tCh = 0. (25)
We note that, up to this point, we have simply shown
that C˙h(t) = 0 if S(t) and B(t) are sufficiently smooth
and S(t) represents a pure state, i.e., S ·S = 1. However,
to prove that the Chern number is conserved at all times,
we still need to prove that, under time evolution, (i) a
pure state remains pure and (ii) a smooth pseudo-spin
configuration remains smooth. To verify that this is in-
deed the case, we look into the equation of motion (8).
We note that, under this equation, the length of the vec-
tor S is conserved, i.e., ∂t (S · S) = 0, and therefore the
condition (i) is verified. We also note that the equation
of motion is a linear differential equation. If S(t = 0) is
smooth in kx, ky and B(t) is smooth in kx, ky then S(t)
remains smooth at all times. Therefore, the condition
(ii) is verified. This concludes the proof of the theorem.
The statement that the Chern number cannot change
independently of the time-evolution considered is similar
to the result that, under unitary evolution, the von Neu-
mann entropy is conserved. Both results do not predict
the exact wavefunction at the end of a dynamical process
but constrain the possible outcomes.
Bott index for out-of-equilibrium systems
Consider a single-particle Hamiltonian (defined by a
matrix H) on a lattice. Given the two diagonal matrices
Xi,j = xi δi,j and Yi,j = yi δi,j , where xi and yi are the
coordinates of the ith lattice site, we defined two unitary
matrices:
(Ux)i,j = exp
[
i2pi
Xi,j
Lx
]
, (Uy)i,j = exp
[
i2pi
Yi,j
Ly
]
(26)
where Lx,y are the linear dimensions of the system. Let
R be the projector onto the eigenstates with up to energy
ε, i.e., R ≡ ∑ε′<ε |ε〉〈ε|. In equilibrium, the Bott index
at energy ε is defined as [15]:
Bott(ε) =
1
2pi
Im
[
Tr
(
log
(
U˜yU˜xU˜
†
y U˜
†
x
))]
, (27)
where U˜x = RUxR and U˜y = RUy R are the matrices
Ux and Uy projected onto the states with up to energy ε.
In Ref. [15], the Bott index was defined on a torus ge-
ometry (i.e., for H with periodic boundary conditions).
We generalize the Bott index to other geometries and
non-equilibrium situations by properly modifying the
projector R. For example, one can change the boundary
conditions in H from periodic to open by switching off
some hopping elements. Using the projector constructed
with the eigenstates of H with open boundary condi-
tions in Eq. (27), one can compute the Bott index in a
patch geometry. We further generalize the Bott index
to non-equilibrium situations by taking into account the
occupation of the states during the dynamics. The Bott
index of the occupied states is obtained by replacing the
matrices U˜x and U˜y with the matrices Ux(t) and Uy(t):
Ux(t) = R(t)UxR(t) Uy(t) = R(t)Uy R(t) (28)
where R(t) is the projector onto states occupied at time
t. For example, if one has R = |α〉〈α| + |β〉〈β| at t = 0,
at time t the projector becomes R(t) = |α(t)〉〈α(t)| +
|β(t)〉〈β(t)|, where |α(t)〉 = U(t)|α〉 and |β(t)〉 = U(t)|β〉
are the time-evolved states.
One expects the generalized Bott index to be quan-
tized if R is a sufficiently local projector [15], i.e., Ri,j
is small if sites i and j are far from each other. Strong
numerical evidence supporting the expectation that the
non-equilibrium Bott index defined on the patch geome-
try is quantized is provided in the main text. However,
we stress that a mathematically rigorous proof is lacking
at the moment. On the other hand, the Bott index in
clean systems (the systems in Ref. [15] had disorder) on
a torus is neither quantized nor a smooth function of the
energy (see Supplementary Note 6). We expect this to be
because the eigenstates of H for this problem are plane
waves, which are non-local in real space.
Currents
To identify the current operator, we look into the time-
derivative of the site occupations:
nl = c
†
l cl →
∂nl
∂t
=
∂c†l
∂t
cl + c
†
l
∂cl
∂t
. (29)
The equation of motion of cl is
∂cl
∂t = i [H, cl] =−i∑mHl,mcm, where we have used the fact that
any noninteracting fermionic Hamiltonian has the form
H =
∑
n,mHn,mc
†
ncm. Similarly, we compute
∂c†l
∂t =
i
∑
mHm,lc
†
m. Substituting these expressions in Eq. (29),
9and computing the expectation value, one obtains:〈
∂nl
∂t
〉
= i
∑
m
Hm,l 〈c†mcl〉 − i
∑
m
Hl,m 〈c†l cm〉
=
∑
m 6=l
I
[
2Hl,m〈c†l cm〉
]
(30)
where I [.] indicates the imaginary part, and we have used
that Hm,l = Hl,m and 〈c†mcl〉 = 〈c†l cm〉 and the overline
indicates complex conjugation. The continuity equation
relates the time-derivative of the local density to the net
current: 〈∂nl∂t 〉 =
∑
m6=l Jm→l. This allows us to identify
the current flowing from site m to site l as:
Jm→l = I
[
2Hl,m〈c†l cm〉
]
(31)
It is crucial that the Hamiltonian that appears in the
equation of motion, and in the definition of the current,
is the time-dependent Hamiltonian H(t) and not the Flo-
quet Hamiltonian HF . In general, the matrix elements of
H(t) and HF are different. Hence, the current computed
using the Floquet Hamiltonian is, in general, not equal to
the current that will be measured in experiments [18, 25].
For graphene subjected to circularly polarized electric
field, H(t) contains only nearest neighbor terms. This
leads to a current flowing only between nearest-neighbor
lattice sites, while HF contains longer range hopping,
which lead to a current flowing between distant sites.
In general, the exact current Jm→l is time-dependent
because both the matrix element Hl,m and the expec-
tation value 〈c†l cm〉 are time-dependent. Moreover, in
non-equilibrium situations, the site occupancies are non-
stationary 〈∂nl∂t 〉 6= 0. This implies that the instantaneous
current is not locally conserved, i.e.,
∑
m Jm→l 6= 0. We
have averaged the instantaneous current over a full driv-
ing period in order to obtain Javem→l, which is approxi-
mately conserved, i.e.,
∑
m J
ave
m→l ≈ 0.
Numerical simulations for system with boundaries
The time-dependent Hamiltonian is given by Eq. (2).
Because of its noninteracting character, this problem can
be efficiently solved in the single-particle basis [22, 23].
We denote as HS and H1(t) the Nsites × Nsites matrices
(Nsites being the number of lattice sites) that represent
the static and time-dependent parts of the Hamiltonian
in real space.
The evolution operator over a cycle is given by:
U(T, 0) =
N−1∏
j=0
U(tj+1, tj) (32)
where tj = j
T
N and U(tj+1, tj) is computed using a
second-order Trotter-Suzuki decomposition [29–31]:
U(t+ δt, t) = e−
iδt
2 H1(t+
δt
2 ) e−iδtHS e−
iδt
2 H1(t+
δt
2 ).
(33)
Since HS is time-independent, e
−iδtHS needs to be com-
puted only once (this is done by diagonalizing HS). This
leaves the computation of e−
iδt
2 H1(t+δt/2), from the al-
ready diagonal H1(t), to be computed at each time step.
By exact diagonalization of U(T, 0), we obtain the Flo-
quet eigenstates and eigenvalues:
U(T, 0) =
∑
l
|ψl〉e−iθl〈ψl| =
∑
l
|ψl〉e− i~ εlT 〈ψl| (34)
from which the single-particle Floquet Hamiltonian can
be explicitly built as HF =
∑
l |ψl〉εl〈ψl| where εl = ~T θl.
We note that this procedure is not limited to high fre-
quency driving and gives the numerically exact Floquet
Hamiltonian HF . The time-discretization δt is chosen
small enough to ensure that it does not affect the results.
The lowest energy single-particle eigenstates of HF (HS)
are then collected into a rectangular matrix WF (WS) of
size Nsites × Np, where Np is the number of particles in
the ground state (at half filling Np = Nsites/2). For the
parameters chosen [see Eq. (5)] the Floquet phases θl do
not span the entire range [−pi, pi] and therefore an unam-
biguous separation of the states in the “Floquet valence
band” and “Floquet conduction band” is possible.
The time evolution of the many-particle system is ob-
tained by multiplying the matrix WS from the left with
the square matrix U(T, 0) of size Nsites × Nsites. The
overlaps between many-particle wavefunctions can also
be easily computed as determinants of products of ma-
trices such as WF and WS , and their adjoints [22, 23].
Moreover, the 〈c†i cj〉 elements of the equal-time single-
particle density matrix are given by the i, j element of
the square matrix W0W
†
0 of size Nsites ×Nsites.
Non-stroboscopic times
We have also computed wavefunctions overlaps and
the Bott index at non-stroboscopic times. The over-
lap between the time-evolving state and the Floquet
Fermi sea does not change after the electric field is
fully on, with the Floquet Hamiltonian computed from
U(t + T, t) = exp [−iHF [t]T ]. (Note that the Floquet
Hamiltonian depends on the choice of the initial time of
period. However Floquet Hamiltonian corresponding to
different choices of the initial time are unitary equiva-
lent to each other, see for example [18].) We also find
that, for all t ≥ t∗n, the Bott index does not change with
time, i.e., Bott(t ≥ t∗n) = 1. Here t∗n is the first stro-
boscopic times at which the Bott index becomes unity.
However, we found that just before the transition, in our
case for times t ∈ (t∗n − 2T, t∗n), the Bott index at non-
stroboscopic times can jump back and forth between zero
and one. This is similar, and probably related, to the os-
cillations observed in the (equilibrium) Bott index as the
Fermi energy enters in the bulk gap [see Fig. 2c].
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Supplementary Figure 1: The infinite translationally invariant system. a. The Brillouin zone (BZ) of graphene
(shaded blue region) and its high symmetry points Γ, G,G′,M . The reciprocal-lattice vectors are ~b1,2 = 2pi3a
(
1,±√3).
The BZ corresponds to ~k = k1~b1 + k2~b2 where k1,2 ∈ [0, 1). b. The momentum resolved overlap between |ψS0 〉 and
|ψF0 〉 is encoded in
(
1 + SSk · SFk
)
/2 (see Eq. (9) in the main text). The pseudo spin configurations SSk and S
F
k differs
significantly only around the Dirac points.
a b c
Supplementary Figure 2: Single-particle Floquet eigenstates. The size of the disks represents the occupation of a
specific lattice site. The red and blue disks indicate lattice sites that belong to the A and B sublattices, respectively.
Panels a, b, and c correspond to eigenstates with energies ε/J ≈ −0.01, −0.18, −0.31, respectively. The eigenstates
in panels a and b are localized on the edges and their energies lie in the bulk gap. The wavefunction in panel c is
localized in the bulk and its energy lies outside the gap.
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Supplementary Figure 3: Time-averaged physical current in the Floquet eigenstates and Floquet Fermi Sea. a. The
eigenstates of HF that support the same chirality tend to be close in Floquet energy. CW stand for clockwise and
CCW stand for counter-clockwise. b. Chirality of the current in the Floquet Fermi sea changes with the filling
fraction, and vanishes at ν = 0.5 and ν ≈ 0.28, 0.72. We have defined the chiral current as the sum of: i) the current
moving to the right on the top edge, ii) the current moving downward on the right edge, iii) the current moving to the
left on the bottom edge, and iv) the current moving upward on the left edge. Therefore a positive and negative values
indicate clockwise and counter-clockwise edge current, respectively. The shaded box indicate the narrow interval of
filling fraction (0.49 ≤ ν ≤ 0.51) for which the equilibrium Bott index of the Floquet ground state is one.
a b c
Supplementary Figure 4: Time-averaged physical current in three Floquet eigenstates for a system in which
the amplitude of the electric field is E = 7.0. The eigenstates are: ε = −2.28J, state number = 1 and
ε = −0.79J, state number = 321, and ε = −0.01J, state number = 464 for panels a, b and c respectively. a.
The Floquet ground state supports a bulk current with clockwise chirality. b. This excited eigenstate supports a
counter-clockwise current with both an edge and a bulk component. c. This topologically protected edge mode
supports a clockwise edge current.
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Supplementary Figure 5: Time-averaged physical current in the exact Floquet Fermi sea for three values of the filling
for a system in which the amplitude of the electric field is E = 7.0. The fillings are: ν = 0.46, 0.5 and 0.54 for panels
a, b and c respectively. a. The current is localized on the edge and moves counter-clockwise. c. The current is
localized on the edge and moves clockwise. b. At half-filling both chirality are presents. The current on the left and
right edges moves downward and is compensated by a bulk current moving upward.
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Supplementary Figure 6: Time-averaged physical current in three Floquet eigenstates for a system in which the
amplitude of the electric field is E = 2.0. The Floquet eigenstates are: a. ε = −2.93J state number = 1, b.
ε = −1.04J, state number = 321 and c. ε = −0.06J, state number = 464. The value E = 2.0 is smaller than the
critical one (Ec ≈ 5) at which the Floquet Hamiltonian becomes topological. As expected, we do not observe an edge
mode when entering the bulk gap (see panel c) but bulk states away from the middle of the spectrum still can support
chiral currents. For example, in panel a one can see that the single-particle Floquet ground state still supports a
clockwise current.
a b c
Supplementary Figure 7: Time-averaged physical current in the exact Floquet Fermi sea for three values of the filling
for a system in which the amplitude of the electric field is E = 2.0. The fillings are: ν = 0.46, 0.5 and 0.54 for
panels a, b and c respectively. Despite the fact that HF is not topological, the current patter is similar to that
seen in Supplementary Figure 5. Important quantitative differences between the these patters are discussed in the
Supplementary Note 4.
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Supplementary Figure 8: Schematic picture of the four different ramp considered. Each ramp stops at a different
value of the final electric field, E0 = 1, 2, 3, 7. Here τ = 80T as in the main text.
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Supplementary Figure 9: Time-averaged physical current at the end of different dynamical ramps. Each row corre-
sponds to a different value of the final electric field E0 = 1, 2, 3, 7 (from top to bottom) and each column corresponds
to a different value of the filling fraction ν = 0.46, 0.5, 0.54 (from left to right). The last row is identical to Fig. 5 in
the main text and it is reported here for sake of comparison.
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Supplementary Figure 10: The density of states (DOS) and the equilibrium Bott index in a system with the static
Hamiltonian HS , with periodic boundary conditions.
ν = 0.46 ν = 0.5 ν = 5.4
E0 = 1 0.21 0.09 0.21
E0 = 2 0.74 0.32 0.74
E0 = 3 1.17 0.52 1.17
E0 = 7 4.32 1.00 4.32
Supplementary Table I: Maximum values (in arbitrary units) of the current represented in the twelve panels in
Supplementary Figure 9.
Supplementary Note 1: Explicit form of the pseudo-magnetic field Bk(t)
Here, we report the explicit form of the pseudo-magnetic field Bk(t) [see Eq. (6)] in the case of graphene subject
to a circularly polarized uniform electric field. In the electromagnetic gauge, in which the electric field is represented
via the vector potential, i.e., E(t) = −∂tA(t), the Hamiltonian is block-diagonal in momentum space [see Eq. (6)]:
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where the notation is as in Eq. (4) and the overline indicates complex conjugation. The function g (k, t) describes the
hopping between nearest neighbor lattice sites:
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and the vector potential (when the electric field is fully on) is:
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Putting all together, we obtain:
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It is immediate to verify that, for A = 0, the expression above reduces to:
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which describes the band structure of undriven graphene and J is the bare hopping. Note that both vectors al and
δl enter into the definition of g(k, t) while only the vectors al enter into the definition of g(k). For this reason, g(k, t)
is not obtained from g(k) via Peierls substitution, i.e., k→ k+ e~A(t).
Given the form of the three Pauli matrices and Eq. (35), it is immediate to see that:
Bxk(t) = 2 Re [g (k, t)] , B
y
k(t) = 2 Im [g (k, t)] , B
z
k(t) = −∆, (40)
which, together with Eq. (38), specifies the form of the time dependent pseudo-magnetic field Bk(t) completely.
Supplementary Note 2: Overlap of the Fermi Sea of Static and Floquet Hamiltonians
As described in the main text, the ground states |ψS0 〉 and |ψF0 〉 obtained by filling the valence bands of HS and
HF have different topologies and are orthogonal to each other, see Eq. (9). These two many-body states can be
represented by the pseudo spin configurations SSk and S
F
k , respectively. Despite having different topologies and being
orthogonal to each other |ψS0 〉 has a large occupation on the valence band of HF . This is because the pseudo spin
configurations SSk and S
F
k differ significantly only close to the Dirac points, while they are almost identical in the rest
of the BZ. The latter can be seen in the momentum resolved overlap between |ψS0 〉 and |ψF0 〉 shown in Supplementary
Figure 1b. The normalized occupation (Occ) of the Floquet valence band is
Occ =
1
ABZ
∫∫
BZ
dkxdky
(
1 + SSk · SFk
2
)
≈ 0.977, (41)
where ABZ =
8pi2
3
√
3
is the area of the BZ.
Supplementary Note 3: Edge States in the system with boundaries
In Supplementary Figure 2, we show some single-particle Floquet eigenstates at energies ε ≤ 0 within and outside
the bulk gap (see Fig. 2b in the main text). As expected, the eigenstates with energies within the bulk gap are
localized on the edges. It is interesting to note that these states have much larger occupation on the zigzag edges
(left and right) than on the armchairs (top and bottom) edges. The chiral nature of the edge states can be probed by
preparing a single-particle δ-like wavefunction in the center of the left and right edge. The subsequent time-evolution
shows that part of the particle diffuses towards the center of the sample while the rest remains localized on the edges
and moves clockwise. The fraction of charge that persists on the edge is determined by the overlap between the initial
δ-like wavefunction and the edge state and it is expected to scales as 1/L where L is the length of the edge.
Supplementary Note 4: Currents in the exact Floquet Fermi sea for different values of the electric field and
filling fraction
Here, we discuss in detail the physical currents in the exact topological Floquet Fermi seas when the amplitude
of the electric field is large (E0 = 7) so that the Floquet Hamiltonian is topological. We stress that the physical
current is obtained by evolving the Floquet Fermi Sea with the physical Hamiltonian H(t) and it is different from
the current obtained using HF (see Methods). We find that the physical currents depend on the filling fraction (see
Supplementary Figure 3). This is expected since at low fillings single-particle behavior needs to be recovered while
at unit filling the current must vanish identically. The vanishing of the current at unit filling suggests the existence
of bulk modes with a chirality opposite to that of the edge modes so that, when all modes are equally occupied, the
net chirality (and current) is zero. Interestingly, we find that modes of equal chirality are close in Floquet energy.
Obviously, near the center of the Floquet spectrum the clockwise topological protected edge modes are predominant.
We also find clockwise (bulk) modes at very low and high Floquet energies. Finally, counter-clockwise bulk modes
are observed just below and above the bulk gap (see Supplementary Figure 3a). We expect the specifics of diagrams
such as the one presented in Supplementary Figure 3a to be model and parameter dependent. For our model and
parameters studied, the edge current in the ground state of the Floquet Hamiltonian at half filling has no net chirality,
a property that is shared by the time evolving state in Fig. 5 in the main text.
In Supplementary Figure 4, we show the current in three individual Floquet eigenstates. Panel a corresponds to the
single-particle Floquet ground state, which supports a clockwise bulk current. Panel b corresponds to a single-particle
excited state, which supports a counter-clockwise currents which has both a edge and a bulk component. Panel c
corresponds to a single-particle eigenstate close to the center of the Floquet spectrum, i.e., which lies within the bulk
gap, and therefore corresponds to a topologically protected edge mode. As expected, it supports an edge current with
clockwise chirality.
In Supplementary Figure 5, we show the current in the Floquet Fermi sea for the three values of the filling,
ν = 0.46, 0.5, and 0.54. For ν = 0.46 and 0.54, the current is localized on the edges and reaches its maximum value.
However, the edge current has opposite chiralities for ν < 0.5 and ν > 0.5 (see panels a and c). At exactly ν = 0.5
both chiralities are present making the net chirality of the current zero. In this case, the current on the left and right
edges moves downward and is compensated by a bulk current moving upward. Therefore, close to the left edge we
observe a counter-clockwise chirality while close to the right edge we observe a clockwise chirality. The symmetry
between left and right edge is broken in our Hamiltonian by the sublattice potential. The behavior shown here is
reflected in the non-equilibrium current shown in Fig. 5 in the main text.
In Supplementary Figures 6 and 7, we repeat the previous analysis when the amplitude of the electric field is E0 = 2.
This value is smaller than the critical value Ec ≈ 5 at which the Floquet Hamiltonian becomes topological. A naive
expectation would be that, in this case, we should not observe a current. However, this is not what happens. This
is because the change of topology in the Floquet Hamiltonian correlates only with the presence/absence of an edge
mode in the bulk gap. As one can see in Supplementary Figure 6, when the Floquet Hamiltonian is topologically
trivial there is no edge mode as one enters the bulk gap (see panel c), but the single particle Floquet ground state still
supports a chiral bulk current (see panel a). In Supplementary Figure 7, we show the current in the Floquet Fermi Sea
for the same three values of the filling as in Supplementary Figure 5. The current patterns in Supplementary Figures 7
and 5 look qualitatively the same. However, there are some important differences. First, the overall magnitude of the
current in Supplementary Figure 7 is about 7 times smaller than in Supplementary Figure 5. Moreover, at half filling,
the current is localized close to the edge when the Floquet Hamiltonian is topological (see Supplementary Figure 5b)
while it extends more into the middle of the sample when the Floquet Hamiltonian is trivial (see Supplementary
Figure 7b).
Summarizing, we find that the change in topology of the Floquet Hamiltonian only directly affects the edge modes
in the bulk gap. However, the current in the many-particle Fermi sea has contributions from Floquet eigenstates with
many quasi-energies that are not directly affected by the change in topology of HF . Therefore, the signature of the
topological nature of HF in the current is smeared out.
Supplementary Note 5: Non-equilibrium currents for different values of the final electric field and filling
fraction
Here, we compare the time-averaged physical currents at the end of different dynamical ramps. In particular, we
consider four ramps that stop at different values of the electric field E0 = 1, 2, 3, 7 (see Supplementary Figure 8). For
each ramp, we consider three filling fractions: ν = 0.46, 0.5, 0.54. The corresponding currents are reported in the
twelve panels in Supplementary Figure 9. As described in the main text, to obtain the time-averaged physical current
we evolved the wave-function for 103 periods after the electric field had reached its final value. Then, we compute
the instantaneous current which is then averaged over a period. In Supplementary Figure 9 each row corresponds to
a different value of the (final) electric field E0 = 1, 2, 3, 7 (from top to bottom) and each column corresponds to a
different filling fraction ν = 0.46, 0.5, 0.54 (from left to right). The last row is identical to Supplementary Figure 5
in the main text and it is reported here for comparison. If the system was in the exact Floquet Fermi Sea the
second row would be Supplementary Figure 7 and the fourth row would be Supplementary Figure 5. We stress
that only Supplementary Figure 9m corresponds to a topological wave-function. In fact, in the first three rows in
Supplementary Figure 9 the electric field E0 = 1, 2, 3 is smaller that the critical value Ec ≈ 5.0 required to make the
system topological, see Fig. 4 in the main text. In the fourth column the electric field is larger than the critical value,
i.e. E0 = 7 > Ec, so that the Floquet Hamiltonian is topological. However, only when the filling fraction is close
to half, i.e. 0.49 ≤ ν ≤ 5.1, the wave-function can become topological (see Supplementary Figure 3b). In order to
produce these plots, we have normalized the current in each panel of Supplementary Figure 9 by its maximum value.
These values are reported in Supplementary Table I. Due to this normalization procedure, the relative intensity of
the current among different panels cannot be inferred from Supplementary Figure 9 and one has to rely on the values
in Supplementary Table I. From Supplementary Figure 9 and Supplementary Table I, we see that by increasing the
value of the final electric field for a fixed value of the filling fraction (i.e., moving from top to bottom along one of the
column in Supplementary Figure 9 and Supplementary Table I) the time-averaged current becomes more localized
along the edge of the sample and increases in intensity. We also note that the chirality of the edge current becomes
more evident by increasing E0. Finally we stress that, for each value of the electric field E0, the current at ν = 0.46
and ν = 0.54 are related by spatial inversion with respect the center of the sample. For ν < 0.5 (ν > 0.5) the current
has counter-clockwise (clockwise) chirality. Also, at ν = 0.5 the current is mapped into itself under spatial inversion
with respect the center of the sample. This explain why, at half filling, both chiral component are observed.
Supplementary Note 6: Bott index in clean systems with periodic boundary conditions
In Supplementary Figure 10, we show the the density of states (DOS) and the equilibrium Bott index in a clean
system with periodic boundary conditions. The DOS has a zero slope about  = 0 indicating the presence of a gap.
The equilibrium Bott index is not quantized and it is also not a smooth function of the energy.
